The equation of state of an ideal collection of bosons in the low-density and high-density regime are found using the method of cluster expansion with Mayer's generating function. The saturation density and the other thermodynamic properties are calculated by the application of Mayer's convergence of the partition function. By calculating the value of saturation density from the singularity of the partition function series, the differences between the Mayer series convergence and the virial series convergence for ideal bosons are also established.
Introduction
The equation of state and hence the thermodynamic properties of the ideal quantum systems, like Bose or Fermi, show significant deviation from the ideal behavior [1] . This can be explained with the help of the quantum statistical method by considering the symmetric and antisymmetric properties of the wave functions. Bosons show a peculiar attractive spatial correlation, which can lead to a condensation [2, 3] due to the symmetric nature of the wave functions, and fermions show repulsive spatial correlations due to the antisymmetric wave functions. Hence, the equation of state of these systems has the nature of the virial series [4, 5] . The radius of convergence of the virial series can be calculated by using the virial coefficients, and the values are obtained from the studies of Widom [6] , Fuchs [7] , Yang and Lee [8] , Jenson and Hemmer [9] , and later by Ziff and Kincaid [10] . All the above studies are great theoretical works, giving the connection between the radius of convergence of the virial series in density of ideal bosons with the condensation phenomenon and the connection to the critical density ( ρ 0 ) . Fuchs proved that the radius of convergence (R 0 =ρ 0 λ 3 ) of ideal 2 ) is the Reimann zeta function. All the above studies also show that the radius of convergence of the virial equation of state in density has no relation with the saturation density at Bose-Einstein condensation. Here, we use Mayer cluster expansion and the method of Mayer's convergence of the partition function to find the thermodynamic properties and the cluster expansion equation of state of ideal bosons.
Cluster theory with Mayer's generating function
Due to the attractive spatial correlation, ideal bosons can be treated as a prototype of an imperfect gas, and in that case, the Hamiltonian H can be represented as
where p i are the momenta of the particles, m is the mass, and U ij is the interaction potential that depends on the distance |⃗ r i −⃗ r j | between the particles. The partition function can be written as [1, 4, 5 ]
where b l are the cluster integrals. The cluster integrals b l can be represented in terms of the irreducible cluster integral β k [1, 4, 5] as
with the restrictive condition
The reverse equation is given in [ 5] 
where the summation goes over all sets {m i } that conforms to the condition
Mayer's theory of cluster expansion, the partition function can be viewed as the expansion coefficient of the generating function F M (z) [1, 12] , where
and z is the fugacity. The coefficients a n for n=N give the N particle partition function. In a complex plane, this series can be represented as a Laurent series and a N is given by
Applying Mayer's convergence method based on the Cauchy Hadamard theorem [1] , the coefficient of a series expansion can be related to the radius of convergence of the series [1, 12] . In the Hadamard series,
Putting the value of a N from Eq. (6), we get [1] 
Here,
From this, it is clear that R 1 is a function of density. Using the relationship between the radius of convergence of this series ( R 1 ) and the partition function, we get the Helmholtz free energy A=N kT lnR 1 , and from this, the equation of state can be derived as shown below [1, 12] . Substituting R 1 ,
A=N kT
Using the equation
, the equation of state is obtained as
Since H 0 0 (zρb) is not analytic, it has other singularity when
It has a singularity at ∑ l≥1 kβ k y k 2 = 1 and the corresponding radius of convergence R 2 is given by
Here, Y 2 =y 2 e
, which is independent of density. From this R 2 , the equation of state is obtained as
Here, y 2 is the solution of the singularity condition ∑ l≥1 kβ k y k 2 = 1 . Hence, we have an equation of state with pressure independent of density, which may correspond to condensation with y 2 =ρ 0 λ 3 as a saturation density [1, 12, 13] .
Equation of state and Bose-Einstein condensation
To find the saturation density for the Bose-Einstein condensation, we use the singularity condition
The values of β k for ideal bosons can be calculated using Eq. (4) by using the values of reducible cluster integrals,
The calculated values of the irreducible cluster integrals are shown in Table. Substituting these values into the singularity condition Eq. (16), we get
This is in exact agreement with the quantum statistical calculations [4, 5] . In the high-density region, >ρ 0 , the equation of state can be obtained from R 2 and is given by
where ρ 0 can be considered as the saturation density. 
where L is the latent heat given by
which proves the first order phase transition nature of Bose-Einstein condensation. Fugacity can be calculated at the beginning of phase transition and is obtained as z= 0.999999999999998 ≈ 1 at critical density so that the value of chemical potential and Gibbs free energy are zero. The dependence of fugacity to the number density is plotted and is shown in Figure 1 . When the density increases, the value of radius of convergence R 1 also increases. At the saturation density, the radius of convergence R 1 becomes equal to R 2 . After the saturation density, the radius of convergence can be calculated by Eq. (14) . The numerical value of the radius of convergence at the saturation density is obtained as 
The value of Helmholtz free energy at saturation density is given by A=N kT ln (0.59839006994955).
Simplifying,
When density increases, after the saturation density, the radius of convergence reaches 1 (one) as shown in Figure 2 . This shows that the value of Helmholtz free energy is a minimum at maximum density of BoseEinstein condensation. The variation of R 1 and R 2 with density are also shown in Figure 2 . The equations of states given by Eqs. (12) and (18) in the low-and high-density regions are shown in Figure 3 . The horizontal portions in the isotherms, where the pressure is independent of volume, is the region of condensation. The other thermodynamic quantities like internal energy U , specific heat C V , and entropy S are also obtained and are given below.
Substituting R 2 , we get
The specific heat is given by Substituting the values, we get
and entropy
Substituting the values,
Thus, by the use of the generating function given by Mayer and studying the radius of convergence of the series, all the thermodynamic properties of the ideal bosons in the region of condensation are calculated, and the results show an exact agreement with the quantum statistical calculations. In Yang and Lee's theory [14] , the first order phase transition occurs when the saturation density corresponds to the singularity of the partition function series. Our analysis gives proof for the first order character of Bose-Einstein condensation by following Lee and Yang's theory.
Discussion and conclusions
Bose-Einstein condensation phenomenon was discussed using cluster expansion and Mayer's convergence method using the generating function provided by Mayer. It was shown that Mayer's series converges with a radius of convergence which is different from the virial series convergence, and the condensation occurs in a region where the series of the partition function diverges and the value of saturation density can be found from the singularity condition of the Hadamard series. The equations of states for ideal bosons in the high-density and low-density regions were obtained. The saturation number density and other thermodynamic properties were also calculated, and the results matched well with the quantum statistical calculations. The isotherms for this first order phase transition were drawn and the horizontal region of the isotherm where pressure was independent of volume showed the region of phase transition. Our analysis proves that cluster expansion and Mayer's convergence with Mayer's generating function can be effectively used to calculate the thermodynamic properties of ideal Bose system at condensation.
